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Abstract
Starting from the well-known rank three graph of degree 63 on 100 points associated to the
Hall–Janko group J2; we construct a rank four residually connected and ﬁrm geometry G on
which J2 acts ﬂag-transitively and residually weakly primitively (RWPRI). It is the ﬁrst rank
four geometry satisfying RWPRI that is currently known for J2 and it shows that the RWPRI
rank of J2 is at least four. The diagram of G is the following:
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1. Introduction
The construction of diagram geometries on which a sporadic simple group acts
ﬂag-transitively (sporadic geometries) has been a subject of interest for many years
now. A lot of these geometries that were constructed earlier have a diagram which is
linear or almost linear. In this paper, we construct a rank four geometry having a
diagram which is quite exotic compared to most of those obtained so far. The
construction is based on an observation made on the rank three graph of degree 63
associated to the Hall–Janko group. Another reason why this geometry is interesting
is that up to now, there were no rank four geometries known on which the Hall–
Janko group acts residually weakly primitively. So we improve the lower bound on
the maximal rank for geometries of J2 satisfying RWPRI and ðIPÞ2 given in [3]. Let
us mention that in [5], a rank three geometry satisfying the residually weakly
primitive condition is given.
The paper is organized as follows. In Section 2, we prove some properties of the
rank three graph of degree 63 associated to the Hall–Janko group. For instance, we
prove that the graph has 4-cliques such that one of these determines two others and
that the three cliques are pairwise totally disjoint. In Section 3, we construct the
geometry mentioned in the abstract and give, in a theorem, a list of properties it
satisﬁes. In Section 4, we prove the theorem of Section 3.
As to notation for groups, we follow conventions used in the Atlas of Finite
Groups [6].
We assume knowledge of the basics in incidence geometry as they are given for
example in [2] or [7].
We recall that a group G is said to act residually weakly primitively on a geometry
G if for any ﬂag F of G; the stabilizer GF of the ﬂag F in G acts primitively on the
elements of some type of GF (see [4]). A group G acts locally two-transitively on a
geometry G if the stabilizer in G of any ﬂag of corank 1 acts two-transitively on the
residue of this ﬂag. A geometry satisﬁes the intersection property of rank two ðIPÞ2
when all its residues are either generalized digons or partial linear spaces.
2. Some properties of the rank three graph G of degree 63
Let G be the permutation representation of degree 100 of the Hall–Janko group J2
and let O be the set of the 100 points on which G acts. The stabilizer of a point pAO
has three orbits of respective lengths 1, 63 and 36. We may construct a graph G on O
by saying that two points of O are adjacent if and only if one is in the orbit of 63
points of the stabilizer, in G; of the other. This graph is well known and has been
studied a lot.
2.1. Circles in G
A 4-clique in G is a set of four points which are pairwise collinear in G:
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We are particularly interested in a set of 1575 4-cliques on which J2 acts
transitively. They are constructed in the following way.
Let O be the set of vertices of G: Let pAO: The stabilizer Gp of p in G has an orbit
O1 of 63 points of O which may be identiﬁed as the 63 lines of the hermitian unital
UHð3Þ:
Lemma 1 (Buekenhout and Huybrechts [5]). The Hermitian unital of order 3 is the
unique linear space having 28 points, 63 lines, 4 points on each line and the property
that U3ð3Þ acts flag-transitively on it with a line stabilizer isomorphic to 4S4:
Let qAO1: By Lemma 1, the pointwise stabilizer Gp;q of p and q is isomorphic to
4S4: Moreover, on the points of O1 collinear with both p and q; the group Gp;q has an
orbit O2 of length 6. Take a point rAO2: Then, the pointwise stabilizer Gp;q;r of p; q
and r ﬁxes another point s of O2: The set fp; q; r; sg is a 4-clique of G: Let C4ðGÞ ¼
fp; q; r; sgG and denote C4ðGÞ by C4 for short. The 4-cliques of C4 are called circles in
what follows.
Lemma 2. The set C4 of circles has 1575 elements.
Proof. The group G is transitive on the 100 points of O: Take a point pAO: The
point q is associated to one of the 63 lines, say lq of the Hermitian unital UHð3Þ:
There are 32 lines of UHð3Þ that have one point in common with lq: There is a
parallelism in UHð3Þ: Hence lq determines a partition of the 28 points of the unital in
seven lines. So, from the 30 lines that are not intersecting lq; six are somehow special:
they are the lines which, taken with lq partition UHð3Þ: Let r be a point of O such that
its associated line lr in UHð3Þ is one of the six latter lines. By Lemma 1, the stabilizer
of p and q in G is a group of order 96. Hence the stabilizer of p; q and r in G is a
group of order 16. So its action on the ﬁve remaining lines of the partition must ﬁx
one of these lines, say ls; where s is its associated point in O: The order of choices of
p; q; r and s does not matter. Hence the number of circles in C4 is
100636
24
¼ 1575: &
These circles were used by Francis Buekenhout to construct a rank three geometry
GFB in the following way (see [1, geometry 94]). The elements of type one, two and
three of GFB are the points of G; pairs of adjacent points of G and circles of C4:
Incidence is symmetrized inclusion. The diagram of GFB is then the following:
We show in the next subsection that a given circle determines two other circles. Then,
putting an order on these triples of circles, we obtain two classes of objects (due to
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the two ways of ordering the triples of circles) that are used in Section 3 to construct
the rank four geometry mentioned in the introduction.
2.2. Ordered triples of circles
We readily see that, in O; there are 88 points collinear with at least one of the
points of fp; q; r; sg: The next lemma shows that the remaining 8 points are indeed
partitionned in two circles of C4: Given two circles A and B of C4; we say that A and
B are at maximal distance if no point of A is collinear with a point of B in G:
Lemma 3. The stabilizer of one element cAC4 in G stabilizes two other elements
c0; c00AC4 such that c; c0 and c00 are pairwise at maximal distance.
Proof. Since J2 does not have any maximal subgroup of index 1575 (see for example
[6, p. 42]), it does not act primitively on C4: But it is contained in a subgroup H of
index 525 in J2; which is a maximal subgroup of J2: There are thus three circles c; c
0
and c00 which form an orbit under the action of H on the circles. Moreover, Gc ﬁxes
one of them. Since Gc acts transitively on the points of c; the other circles must be at
distance two of c: So the 8 points not collinear with c must form two circles of C4
that are ﬁxed under the action of Gc and such that c; c
0 and c00 are pairwise at
maximal distance. &
This lemma shows that circles are going by triples. So a given circle cAC4
determines two other circles c0 and c00 in C4: We call the ordered triple ðc; c0; c00Þ an
ordered triple of circles.
Lemma 4. Let ðc1; c01; c001Þ and ðc2; c02; c002Þ be elements of C4: If jc1-c2j ¼ 2 then
jc01-c002 j ¼ jc001-c02j ¼ 2:
Proof. There are 96 points at distance less than two of c1,c2: The four remaining
ones must be such that exactly two are in c02 and the two others are in c
00
2: Hence there
are only two possibilities: either jc01-c002j ¼ jc001-c02j ¼ 2 or jc01-c02j ¼ jc001-c002j ¼ 2:
Suppose the latter occurs. The stabilizer of c1-c2 in Gc1 is of order 64. So there are
64 elements gAG such that gðc1Þ ¼ c2 and gðc1-c2Þ ¼ c1-c2: Moreover, for 32 of
these 64 elements, we have gðc2Þ ¼ c1 since there are only three 4-cliques that have
c1-c2 in common. Since gðc1Þ ¼ c2; we must have gðc01Þ ¼ c02 and gðc001Þ ¼ c002: And
since gðc2Þ ¼ c1; we have gðc02Þ ¼ c01 and gðc002Þ ¼ c001 : Moreover, since the stabilizer of
c1 is transitive on the two other 4-cliques having two given points of c1 in common,
there exists an element ðc3; c03; c003Þ of C4 such that jc1-c2-c3j ¼ jc01-c02-c03j ¼
jc001-c002-c003j ¼ 2: In other words, if we denote by ðc1; c01; c001Þ; ðc2; c02; c002Þ and
ðc3; c03; c003Þ the three elements of C4 such that c1; c2 and c3 have two given points
in common, we must have that c01; c
0
2 and c
0
3 have two points in common and that c
00
1 ;
c002 and c
00
3 have two points in common. So the stabilizer of c1-c2 also ﬁxes c01-c02 and
c001-c002: We know that there are 3150 pairs of collinear points in the graph G: The
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group G acts transitively on them. Moreover, we know that the stabilizer of such a pair
fa; bg is of order 192. Looking at the list of maximal subgroups of G in [6], we readily
see that Gfa;bg is self-normalized in G: Thus we have a contradiction with the fact that
the stabilizer of c1-c2 also ﬁxes two other isomorphic pairs of points in G: &
3. Construction of the geometry C
Let O and C4 be as in the previous section.
Consider the incidence structure G whose elements and incidence relation are
deﬁned as follows.
Take two copies O1 and O2 of O: Elements of type 1 (resp. 2) are the points of O1
(resp. O2).
Let cAC4: By Lemma 3, we know that there are two circles c0 and c00 ﬁxed by Gc
that, together with c form an ordered triple of circles ðc; c0; c00Þ: Denote by OTC the
orbit of the ordered triple of circles ðc; c0; c00Þ under the action of G: Let us observe
here that Gc,c0,c00 is a subgroup of index 525 in G while Gc is of index 1575 ¼ 3  525:
Thus, the ordered pairs ðc; c0Þ and ðc0; cÞ are not in the same orbit under the action of
G but they are under the action of AutðGÞ: Hence there are two ways to construct
OTC and so there are two classes of ordered triples of circles which are not
conjugate under the action of G: Let us denote them by OTC3 and OTC4 where
* OTC3 ¼ ðc; c0; c00ÞG and;
* OTC4 ¼ ðc; c00; c0ÞG:
Elements of type 3 (resp. 4) are the elements of OTC3 (resp. OTC4).
Let x1 (resp. y2; ðc; c0; c00Þ; ðd; d 0; d 00Þ) be an element of type 1 (resp. 2, 3, 4). We
denote by x (resp. y) the copy of x1 (resp. y2) in O: The incidence relation is denoted
by * and deﬁned as follows:
* x1 *y2 if and only if x and y are not adjacent in G;
* x1 *ðc; c0; c00Þ if and only if xAc;
* x1 *ðd; d 0; d 00Þ if and only if xAd 0;
* y2 *ðc; c0; c00Þ if and only if yAc0;
* y2 *ðd; d 0; d 00Þ if and only if yAd 00;
* ðc; c0; c00Þ*ðd; d 0; d 00Þ if and only if jc-d 0j ¼ 2:
Observe that, by Lemma 4, if jc-d 0j ¼ 2; then jc0-d 00j ¼ 2 and jc00-dj ¼ 2: This
fact is very useful in order to prove that G is indeed a geometry.
We now state a theorem giving a series of properties that G satisﬁes. The proof of
the theorem is given in the next section.
Theorem 1. Let G be the incidence structure described above.
(i) G is a firm geometry having 75 600 chambers;
(ii) The Hall–Janko group J2 acts flag-transitively of G;
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(iii) G is residually connected;
(iv) J2 acts residually weakly primitive on G;
(v) J2 acts locally two-transitively on G;
(vi) The diagram of G is as follows.
(vii) AutðGÞDJ2 and CorðGÞDAutðJ2Þ 	 2:
4. Proof of Theorem 1
(i) G is a firm geometry having 75 600 chambers: We prove that every ﬂag of corank
one is contained in a chamber. The other cases can be checked in a similar way.
Using the description of G; we easily see that G has 1575  434
22 ¼ 18 900 ﬂags
of type f3; 4g: By Lemma 4, there are two elements of type 1 incident to a ﬂag
of type f3; 4g; so there are 18 900  2 ¼ 37 800 ﬂags of type f1; 3; 4g and there
are two elements of type 2 incident to a ﬂag of type f1; 3; 4g hence there are 75 600
chambers in G: This also proves that the order s2 is 1. In the same way, we get s1 ¼ 1:
There are 1575  4  4 ﬂags of type f1; 2; ig with i ¼ 3; 4: This yields s3 ¼ s4 ¼ 2:
(ii) The Hall–Janko group J2 acts flag-transitively on G: The group G ¼ J2 acts
transitively on the set of elements of type 3: The stabilizer of an element ðc; c0; c00Þ of
type 3 is isomorphic to 22þ4 : S3: There are four elements of type 1 incident to
ðc; c0; c00Þ and the group Gðc;c0;c00Þ acts transitively on them. Let x1 be one of them. The
stabilizer of the ﬂag fx; ðc; c0; c00Þg is then a subgroup of order 273
4
¼ 25  3 ¼ 96
isomorphic to 42 : S3: There are
34
2
¼ 6 elements of type 4 incident to fx1; ðc; c0; c00Þg:
The group Gx;ðc;c0;c00Þ acts transitively on c\fxg and the stabilizer in Gx;ðc;c0;c00Þ of
a point p of c\fxg does not ﬁx the two circles that have exactly x and p in
common with c: Hence the group Gx;ðc;c0;c00Þ acts transitively on the elements of
type 4 incident with fx1; ðc; c0; c00Þg: Let ðd; d 0; d 00Þ be one of these. There are exactly
two elements of type 2 that are incident with fx1; ðc; c0; c00Þ; ðd; d 0; d 00Þg: The group
Gx;ðc;c0;c00Þ;ðd;d 0;d 00Þ acts transitively on these two elements and thus J2 acts ﬂag-
transitively on G:
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(iii) G is residually connected: Let C ¼ fx1; x2; ðc; c0; c00Þ; ðd; d 0; d 00Þg be a chamber of
G: Denote by Gi the stabilizer of the element of type i of C and let GJ ¼
T
jAJ Gj : By
deﬁnition of G we have G1DU3ð3ÞDG2 and G3D22þ4 : S3DG4: Since /G3; G4S ¼
J2; we have that G is a connected geometry. The subgroup G12 is of index 36 in G1: It
is thus isomorphic to L3ð2Þ: Subgroups G13; G14; G23 and G24 are pairwise
isomorphic. They have structure 42 : S3 as given by the Atlas of Finite Groups [6].
This already yields that all three residues are connected. Subgroups G123 and G124 are
isomorphic to S4 since they are subgroups of index seven in L3ð2Þ: We have that G123
is a maximal subgroup of G12; G13 and G23: Moreover, G124 is a maximal subgroup of
G14 and G24: Since G134 is a subgroup of index 2 in G34; we can conclude that all rank
two residues are connected and hence G is a residually connected geometry.
(iv) The Hall–Janko group J2 acts residually weakly primitively on G: Looking at the
proofs of (i) and (iii), we readily see that J2 acts residually weakly primitively on G:
(v) The Hall–Janko group J2 acts locally two-transitively on G: Straightforward.
(vi) The diagram of G: Take a ﬂag of type f1; 2g: There are seven elements of type 3
and seven elements of type 4 incident to this ﬂag. Since G12DL3ð2Þ we readily see that
the corresponding residue is a projective plane of order 2. Take a ﬂag of type f1; 3g:
There are four elements of type 2 and six elements of type 4 incident to it. By (iii), they
form a complete graph. The same reasoning yields that residues of ﬂags of type f1; 4g;
f2; 3g and f2; 4g are also complete graphs. Finally, the residue of a ﬂag of type f3; 4g
is a generalized digon. This proves the lemma and gives the diagram of G:
(vii) AutðGÞDJ2 and CorðGÞDAutðJ2Þ 	 2: We already know from (ii) that
AutðGÞXJ2: The truncation of type f1; 2g of G yields that AutðGÞpAutðJ2Þ: But we
saw, when we constructed the elements of types 3 and 4 of G that given an element
ðc; c0; c00ÞAOTC3; there exists gAAutðJ2Þ such that gðc; c0; c00Þ ¼ ðc0; c; c00ÞAOTC4;
hence g is not a type-preserving automorphism of G: It swaps the types 3 and 4 of G:
So J2pAutðGÞoAutðJ2Þ and thus AutðGÞ ¼ J2: Also, CorðGÞXAutðJ2Þ by the latter
argument. Since the diagram of G has a group of symmetry of order 4, we could have
CorðGÞ4AutðJ2Þ: Actually, if we exchange elements of type 1 with those of type 2
and we exchange elements of type 3 with those of type 4, we get a correlation. So
CorðGÞDAutðJ2Þ 	 2: &
Observe that geometry G has a rank two truncation in common with geometry GFB
described in Section 2.1.
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